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Abstract. Weinvestigate some global generic properties of the dynamics associated to
non-Abelian free actionsin certain special cases. The main properties considered in this
paper arerelated to the existence of dense orbits, to ergodicity and to topological rigidity.
We first deal with them in the case of conservative homeomorphisms of a manifold and
C-diffeomorphisms of a surface. Groups of analytic diffeomorphisms of a manifold
which, in addition, contain aM orse-Smal e element and possess a generating set closeto
theidentity are considered aswell. From our discussion we a so derivethe existence of a
rigidity phenomenon for groups of skew-products which is opposed to the phenomenon
present in Furstenberg's celebrated example of a minimal diffeomorphism that is not
ergodic (cf. [Ma]).
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1 Introduction

The dynamics generated by one “generic” diffeomorphisms on acompact mani-
fold M isan intensively studied subject. This study is basically divided into the
case of general C"-diffeomorphisms(r = 0,1, ..., oo, w) and the case of dif-
feomorphisms preserving afixed volume on M (some works are also devoted to
symplectic diffeomorphisms). Whereas this is undoubtedly an important topic,
it cannot reflect the typical behavior of more general dynamicsasalready pointed
out by Gromov [Grl] and explained below.

A dynamical system should be understood as agroup actioni.e. it is obtained
through afaithful representation of an abstract group G into Diff” (M). Therefore
the traditional case of the dynamics generated by one diffeomorphisms corre-
sponds to a Z-action. In this broader sense, it soon becomes clear that there

Received 12 November 2003.



212 JULIO C. REBELO

are many more dynamical systems (i.e. group actions) than those associated to
7Z-actions which suggests that the typical features of Z-actions may be different
from the features of group actions “chosen at random”. The present work is a
first attempt of making sense and investigating some of the generic properties of
a“dynamics’ in this general sense.

In this paper we focus attention on non-Abelian free group actions which we
believe are likely to lead to a fair idea of typical dynamics in our sense. In
fact, there are at least three reasons to consider these actions. First, as observed
in Section 5, a collection of diffeomorphisms “randomly chosen” generates a
non-Abelian free group. Secondly, considering the space of abstract groups, one
can wonder which are the “generic properties’ of a group, so asto try to find
good representatives for this space. This question was first considered in [Gr2]
(see dso [Ch]) and it turned out that, in a reasonable sense, atypical group is
word-hyperbolic (but it is not a finite extension of Z which also confirms that
7 is too particular as a group). It is then natural to consider a non-Abelian
free group as a good representative of the space of groups which can act on a
manifold since these hyperbolic groups always contain non-Abelian free groups
on (say) two generators (conversely a free group on two or more generators is
clearly word-hyperboalic, cf. [Gr2]). At last, dealing with free groups, we do not
becomeinvolved with “functional identities” coming from relationsin the group
which would quickly put the problem out of reach.

Inview of the preceding, we shall be concerned with non-Abelian free actions.
Among the several dynamical features which could be analysed, we concentrate
our efforts on 3 aspects of global nature: density of orbits, ergodicity and struc-
tural stability. As it will be clear after Section 2, the investigation of these
questions depend on the nature of the generators (i.e. they depend on specific
open sets of Diff” (M) to which the generators are supposed to belong).

Thiswork consists of 2 partswhich arerather different in their settings. How-
ever these two settings are both natural, at |east for the beginning of such discus-
sion. Thefirst part deals with volume-preserving diffeomorphisms and requires
low-regularity for the diffeomorphisms involved. The second part requires real
analycity of these diffeomorphisms, is not volume-preserving and the genera-
tors of the group in question are supposed to be “close to the identity”. For
these analytic actions, we shall establish a phenomenon of rigidity which may
be thought of as being “opposite” to the structural stability. Actually this phe-
nomenon seemsto appear with significative frequency for actions of free groups
while it does not take place for Z-actions. Curiously enough key arguments of
these parts have some similarity between them; in fact they are both based on
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ON THE DYNAMICS OF GENERIC NON-ABELIAN FREE ACTIONS 213

controlling the dynamics on a small region by comparing it with a vector field.
Wethen try to globalize this“local” dynamicsasfar asit is possible. At theend
of this article we also raise afew questions related to our main results.

2 Statement of results

L et us begin by describing an exampl e of afree action which will imply that most
assumptionsin our statements cannot be dropped. Let I" bethefree group gener-
ated by two M &abius transformations My, ‘M, where the projective action of M,
(resp. M) on the Riemann sphere CP (1) ~ S? isgiven by a*“south pole - north
pole’ (resp. “west pole- east pol€e”’) diffeomorphism. When M4, M, are chosen
0 as to define a Schottky group, the action of ' on $2 (>~ CP (1)) possesses an
invariant Cantor set (which coincideswith the Limit set of I"). Furthermore, this
actionisstructurally stable: if f (resp. f») isaC*-diffeomorphism of S2 which
is C1-close to the diffeomorphism induced by M, (resp. M,), then thereis a
homeomorphismh : §2 — S2suchthat fioh=ho fiand foroh=ho f. In
other words, the group generated by f1, f> istopologically conjugateto I.

In our example, the diffeomorphisms induced by M1, M, are Morse-Smale
diffeomorphisms whose individual dynamics is very simple: apart from the
repelling fixed point, al pointsconvergeto theattracting fixed point. Inparticular
the dynamics of M, (resp. ‘M) is “wandering” i.e. it does not have any non-
trivial recurrence. Also these diffeomorphisms possess attractors and do not
preserve any volume measure.

Now assume that M is a compact manifold endowed with a finite volume
measure u (i.e. w is obtained through a volume form). In the case of home-
omorphisms, a volume measure means a measure topologically conjugate to
the measure associated to a volume form. These measures are characterized
by atheorem due to Oxtobi and Ulam which asserts that a Borel measure 1 is
topologically conjugate to a volume measure if and only if it has no atoms and
is positive on open sets (cf. [O-U]). Furthermore let Homeo, (M) denote the
group of homeomorphisms of M preserving w (in other words a homeomor-
phismh : M — M belongsto Homeo, (M) if and only if u(B) = wu(h(B)) for
every Borel set B C M). Also consider the (abstract) free group F(ay, ... , a,)
generated by the symbols ay, . .. , a,. Similarly we define the group Diff . (S)
of C* diffeomorphismsof M preserving i (note that we also use the word “ con-
servative” to refer to the tranformations which preserve ).

It is easy to see that there cannot exist a faithful representation p from
F(ai,...,a) (r = 2)to Diffi(S) which is structuraly stable: note that
Poincaré's Recurrence Lemmaimplies that the non-wandering set of each p(a;)
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(i =1,...,r) coincides with the entire M. Thus the conservative version of
Pugh’s C!-Closing Lemma (cf. [P-R]) alows us to approximate the original
action (induced by p) by an action such that al the p(a;)’'s(i = 1, ..., r) share
acommon periodic point. On the other hand, the usual transversality arguments
show that the original action may also be approximated by actions for which
the stabilizer of every point is either trivial or infinite cyclic. It follows the
non-existence of the structurally stable representation in question.

However there are more subtle questions about the “generic” dynamics of
these groups. A classical problem in Ergodic Theory is to decide whether or
not ergodic diffeomorphisms (resp. homeomorphisms) are generic in Diff] (M)
(resp. Homeo,(M)). At this level of generdity, very little is known about
this guestion. One of the by-products of KAM theory (Rlssmann’'s theorem
[Ru]) asserts that ergodic diffeomorphisms of a surface are not generic in class
C”, r > 4. Ontheother hand, adeep theorem dueto Oxtobi and Ulam establishes
that, in an arbitrary compact manifold, ergodic homeomorphisms are generic in
class C°. For non-Abelian free subgroups, we can obtain a slight improvement
of the latter theorem namely

Theorem A. Assume that the dimension of M is different from 4. There exists
a residual (i.e. dense G;) set U C Homeo, (M) x Homeo, (M) such that, if
(f1, f2) is in ‘U, then the action of F(ai, ap) defined by a; — f; (i = 1,2)
possesses the following properties:

a) Itis minimal (i.e. the orbit of any point p € M is dense).

b) w is the unique measure simultaneously preserved by f1, f>.

Remark. Theassumptiondim M # 4isrequired by the“Approximation The-
orem” (cf. Section 3), but thisisaninessential difficulty: itisactualy possibleto
verify the statement even for 4-dimensional manifolds(seecommentsin[M-P-V]
or cf. [O-U)).

The case of C” (r > 1) diffeomorphisms is much harder. Recall that KAM
theory implies, in particular, that conservative ergodic diffeomorphisms of asur-
face are not dense for r > 3. Thisis, indeed, a consequence of the existence of
invariant curves for the twist map. However, in the case of non-Abelian actions,
the preceding construction does not alow usto conclude that ergodic diffeomor-
phismsare not dense since the mentioned curves are not simultaneously invariant
by apair of generic diffeomorphisms. On the other hand, the “topological ana-
logue” of ergodicity, namely the existence of dense orbits, can be verified for
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ON THE DYNAMICS OF GENERIC NON-ABELIAN FREE ACTIONS 215

surfaces. It is also possible to establish the existence of an ergodic component
with positive measure. More precisely, using aresult due to Newhouse, we shall
prove the following theorem:

Theorem B. Let S be a compact surface endowed with a C*-area measure s.
Denote by D|ff - (S) the group of C*-diffeomorphisms of S which preserve .
Assume that we are given three diffeomorphisms fi, fo, f3 € Diffl .. (8) such that
at least one among them is not Anosov. Then, arbitrarily C2- close to f1, fz, f3,
there exist diffeomorphisms f1, f2, f3 € D|ff1(S) which generate a group GC
D|ff11L(S) having the following property: there exists an open dense set V. C §
invariant under G and such that the action of G restricted to V is minimal and
ergodic (with respect the normalized measure on V).

Of course the main defficiency of Theorem B above isthe fact that we do not
know whether or not one can alwaystake V = S. Actually it is not even clear if
w(V) = u(S).

Since Anosov diffeomorphisms have dense orbits, we deduce Corollary C.

Corollary C. There exists a residual set U C Diffi(S) X Difft(S) such that,
if (f1, f2) belongs to ‘U, then the action of F (a1, ao) defined by sending a; — f;
(i =1, 2) has a dense orbit.

On the other hand, one can ask if the property of having a dense orbit is
“generic” to non-Abelian free actions whether or not they preserve a volume.
This is however not the case as shown by the example of the Schottky group
discussed above. Infact, sincethe action of aKleinian group on the complement
of itslimit set is properly discontinuous, this action has no dense orbit. Further-
more the fact that this action is structural stable implies that no dense orbit can
be produced by a perturbation of the generators.

As mentioned in the Introduction, the second part of this paper is devoted
to actions admitting a finite set of generators which are close to the identity.
Here we leave the low-regularity setting required by Theorems A and B and
work in the world of real analytic diffeomorphisms. For dimensions greater
than one the main available tool to study these actions is, to the best of my
knowledge, Proposition (2.1) below which was obtained with F. Loray in [L-R]
(Proposition 4.6 of [L-R]).

Ladded in the proofs: recently Bonatti and Crovisier [B-C] have proved the existence of a dense

orhit for a single generic conservative diffeomorphism of a manifold; their methods however do
not yield the existence of an ergodic component with positive measure.
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Denoteby B” ¢ C" theunitball of C". Consider apseudogroupI" consisting of
holomorphic maps from open subset of C” to C" which satisfies the assumptions
below.

a) There exists a sequence {h;} C I', h; # id for every i € N, whose
elements are defined on the entire B” and, in addition, converge uniformly
to the identity on B".

b) I" containsahomothety F : B* — B” whichisgivenby F(zq, ... ,z,) =
(Az1, ..., Az Whered; e Rand 0 <| A [< - <] A, |< 1.

Proposition 2.1. ([L-R]) Assume we are given I" as above. Then there exists
¢ > 0and a non-trivial real analytic vector field X defined on B(e) (the ball of
radius € and center at the origin) which possesses the following property: given
a relatively compact open set V C B(¢) and 1o € R such that @', is defined on
V whenever 0 < ¢ < 1o, the map ®% : V — ®2(V) is uniformly approximated
on V by elementsin T".

Note that the vector field X above can, in fact, be defined on the whole B”
thanks to the existence of a homothety in the pseudogroup I'. We also point
out that, if V C B(¢) and 1 > 0 are as in the statement, then the local flow
oLV — L (V) is uniformly approximated on V by elements in " for
every 0 < t < fo. We shall say that a vector field X possessing the property
stated in Proposition (2.1) is in the closure of T' relativeto V. In practice the
pseudogroup I' is generated by the restrictions of elements in G to an open
set of M. This proposition becomes very effective when the group G contains
a Morse-Smale (or gradient-like) diffeomorphism. In particular, denoting by
vV c Diff*(M) x Diff®(M) the set of the pairs f1, f» in Diff®(M) such that the
group generated by f1, f> contains a Morse-Smale diffeomorphism, we have:

Theorem D. Let M be an analytic manifold and consider the group Diff“ (M)
consisting of the real analytic diffeomorphisms of M equipped with its natural
analytic topology (cf. Section 4). There exists a neighborhood ‘U of the identity
in Diff“(M) and a residual (i.e. dense Gs) set K of 'V N (‘U x ‘U) such that, if
(f1, f2) belongs to X, then the dynamics associated to the group G generated
by f1, f> has the following properties:

1. itis minimal (i.e. all orbits are dense);

2. it is ergodic (i.e. every borelian invariant under G has zero or total
Lebesgue measure);
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3. itis topologically rigid (i.e. if G’ is generated by (f], f;) € X is conju-
gated to G by a homeomorphism h : M — M then h s, in fact, an
element of Diff“(M)).

Perturbations of analytic diffeomorphisms and natural topologies on their
group will bediscussed in Section 5 so asto make sense of the notion of “generic”
action. We should also point out that a very similar but a dightly stronger re-
sult was independently obtained by M. Belliart in [Be] by elaborating on the
proof of Proposition (2.1) givenin [L-R]. The present paper isindeed arevised
version of my 2001-preprint [Reb3] which has an overlap with [Be]. However
the “ generic character” of actions as above, which constitutes the point of view
of this article, is not developed in [Be] (for instance, it is not proved in [Be]
that a group generated by randomly chosen diffeomorphismsis freg). An extra
reason to include Theorem D in our dicussion isthe fact that it can immediately
be derived from a short and self-contained proof of Proposition (2.1) which is
provided in Section 6. This proof is aready contained in the long discussion of
[L-R] but herewe give aclearer presentation which makesit promptly accessible
to the reader. Compared to [Be], the present proof hastwo advantages. Firstitis
rather ssimpler and more “down-to-earth” than the treatment of [Be]. Secondly
it is necessary to derive Theorem E below which cannot be obtained with the
arguments of [Be]. Actually the main virtue of the version of Proposition (2.1)
given hereisto single out the essential difficulty to generalize this type of result
to other pseudogroups (which might be overlooked in [L-R]). It is the precise
understanding of this difficulty that allows us to derive Theorem E as a further
application.

To state Theorem E, we consider the group of cocyles (or skew-products)
G (resp. Ge) acting in St x St (resp. S? x S?) which is constituted by the
diffeomorphisms of the form

F(x,y) = (Ax, y + u(x)),

where A represents the action of an element of PSL(2, R) (resp. PSL(2, C))
on St (resp. S?) and u is an analytic function on S* (resp. S?). This class of
diffeomorphismsconstitutesaclassical andinteresting object of study in Ergodic
Theory.

Given a subgroup G of G, denote by G, the subgroup of PSL(2, R) (resp.
PSL (2, ©)) corresponding to the natural projection onto the first component of
the elementsin G.
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Theorem E. Assume that G C G (or G¢) is not Solvable. Assume also that
G, C PSL(2, R) (resp. PSL(2, ©)) is not discrete. Then G is ergodic and has
all orbits dense in St x S* (resp. S x SY).

From Theorem E we can derive additional dynamical properties of groups as
above. Particularly interesting is atopological/measurable rigidity phenomenon
whose proof would follow the lines of [Reb2] (cf. Corollary F below). Such
rigidity contrasts with Furstenberg's celebrated example of a skew-product of
St x S* which is measurably conjugate to atranslation but has all orbits denses
(sothat, in particular, it is not topologically conjugate to atranglation, cf. [Ma]).
Itissurprising that theserigidity statements seem to have been missed in the vast
literature about skew-products. Whereaswe shall not provide adetailed proof of
Corallary F here, since thiswould force us to do along detour from the goals of
this article, we give a precise (and simplified) statement. In any case the proof
will follow from the combination of Theorem E with the technique introduced
in Sections 4 of [Reb2]. Several additional details on this kind of argument are
provided in the appendix.

Corollary F.  Assume that G1, G, C G are as above. Then the following are
equivalent:

1. G,, G; are differentiably conjugate.
2. G,, G, are topologically conjugate.

3. G;, G, are measurably conjugate.

3 Proof of Theorem A

The proof of Theorem A presented here naturally depends on different aspects of
Oxtobi-Ulamwork [O-U], nonethelessit wasinspired by ideasof S. Alpernwhich
appear in [M-P-V]. Precisely the proof of Proposition (3.1) isan easy adaptation
of the argument employed in the proof of the “Approximation Theorem” in
[M-P-V], lecture 18.

Let 7¥ C RX be the unit cube spanned by the vectors (1,0,...,0),...,
(0, ...,0,1) and denote by S"I* the 4—adic subdivision of 7* with order x.
This meansthe following. By definition, S7* isobtained by dividing each edge
of I¥ into 4 parts of same length and then forming the obvious k-dimensional
cubeswith theresulting segments. Moregenerally, S"+11* isobtained from " 7*
by dividing the edges of each cube belonging to $" I* into 4 parts of same length
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and then proceeding as before. It is clear that $"1* consists of 4% cubes I, ;
(j =1,...,4") whoseunion is the whole I¥. Clearly the length of the edges
of I} . is4™. Fixedacube;  anda € R, a > 1,let I}, , bethe open cube,
concentric to I,fy j» but having edges of length 47" /.

For each s € N sufficiently large, we choose a finite “covering” B, of M
consisting of coordinate neighborhoods{(B;, ¢;)} (i = 1, ... , s) which satisfies
the following conditions:

1. ¢;(B;) = I* ¢ R* wherek isthe dimension of M;

2. each B; is strictly contained in some B; so that ¢; (B;) is (defined and) a
neighborhood of 7* in R¥;

3. thedirect image of therestriction of « to B; by ¢; isthe L ebesgue measure
on ¢; (B));

4. n(By) = n(Bz) = --- = u(By) = 1/s;
5. |Ji_; B; = M where B, stands for the topological closure of B;;
6. B.NB; =3B, NdB;fori # j(3B; = B; \ B.).

Note that the collection of the neighborhoods B;’s does not constitute a cov-
ering of M since it misses the union of the boundaries of the B;’s. The union of
these boundaries can, however, be thougth of as afinite union of hypersurfaces
so that it will play no rolein our discussion. In view of thiswe shall refer to the
union of the B;’sasforming a*“covering” (using quotes) for M.

Now using the* covering” above, weare ableto definethe 4—adic subdivisions
of M asfollows. The 4—adic subdivision of M with order n, " M, consists of
thecells(“cubes’) ¢; *(If ) (i =1.... . L: j=1.... . 4%)where I} ; arethe
cells (cubes) of the 4—adic subdivision of 7* with order » (again this procedure
misses the union of the boundaries 3 B; of B;, however thiswill be irrelevant to
our discussion). Similarly we define the sets ¢ (I ; ).

On the other hand, fixed s and the covering B,, consider the set U, C
Homeo, (M) xHomeo, (M) = (HomeoM(M))Zformed by thepairs( f1, f>) such
that, for any point p € M, the G-orbit of p intersectsall the B;'s(i = 1, ... , [;
where G stands for the group generated by f1, f2).

The set ‘U, is clearly open for the C°—topology. Moreover one has;

Proposition 3.1. Fixed s € N* and B, the subset U, C (Homeo,(M))? is
dense.
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Consider theset R"M = M\ |, ; ¢; *(I} ;) (recall that the sets I} ; are open
by definition). In other words, R”M consists of the union of the boundanes
of the B;’s and the uni on of the pre-images by the corresponding ¢;’s of the

complements 71X\ |, I i / Lemma (3.2) below isvery elementary.

Lemma 3.2. Assume that ng € N* is fixed. The set of homeomorphisms # €
Homeo,, (M) whose dynamics admits no orbit entirely contained in R"°M is
open and dense.

Proof. Note that 2 has no orbit contained in R M if and only if the orbit of
every point p € R"™M intersects M \ R"™M. Since R M can be thougth of as
afinite union of “smooth hypersurfaces’ (modulo using good coordinates as ¢;)
the statement follows at once. O

The next result is the main ingredient of the proof of Proposition (3.1). As
mentioned the Approximation Theorem of [M-P-V], lecture 18 is stated for
o = /2 but aquick look at the proof makes it clear that it works also for any
o> 1

Theorem 3.3. (Alpern in [M-P-V], lecture 18). Assume we are given i €
Homeo, (M), « € R satisfying « < 1and ¢ > 0. Then there exists np € N
depending only on ¢ (and not on «) and h e Homeo, (M), e-close to A, which
cyclically permutes the cubes (cells) ¢;” Yk oo yofSoM(i=1,... 1 j =

no, j,a
1,...,4"0. In other words, chosen ng large enough, we can find / e-close to &
and satisfying the desired condition for any o > 1. O

Proof of Proposition (3.1). Recall that B, isfixed and assume we are given a
pair of homeomorphisms (f1, f») in (Homeo, (M))2. Given e > 0, we have to
check the existence of (f1. f2) € U, C (Homeo, (M))? satisfying || f1— f1 ||<
e(resp. || f— f2ll< €).

According to Lemma (3.2), we can perturb f> into f» so that R M contains
no non-trivial minimal set of f>. In other words, the f,-orbit of every point
g € R" intersectsthe complement of R"°. Thusthereis an open neighborhood
V c M of R" with the same property, namely we can associate to each point g
of V aniterate £, of f» sothat f,"(¢) lieson M \ V.

Finaly wetakea < 1sothattheunion VU(J ¢, *(I¥
M (where ¢, (I

no, j,o

weobtain f; cyclically permuting the cubes ¢, Lk

no, j,o

no.j.) COversthewhol e of
) are contained in the cells of $"°M). Using Theorem (3.3)
) and e-closeto f7.
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To finish the proof it is enough to verify that ( f1, f>) as above belongsto U,.
This is however obvious: if p € M belongsto | ¢, 1(1,’,‘0’ j.o) thenits f1-orbit
intersects all the setsin By; if p € M belongs to V, then there is a point of
its f>-orbit lyingin M \ V and therefore its G-orhit intersects all the setsin B,

(Where G standsfor the group generated by f1, f2). Thepropositionisproved. O

Notice that Proposition (3.1) enables usto prove the genericity of groups G C
Homeo,, (M) asin the statement of Theorem A which have minimal dynamics.
In fact, it is enough to consider a sequence of coverings B4, Bo, .. ., satisfying
the conditionsin the beginning of this section, and such that the diameters of the
open setsin B, converge uniformly to zero. For such asequencelet Uy, Uy, ...
be the corresponding open dense sets given by Proposition (3.1). Clearly any
element in the intersection Uf‘;l U, is minimal and, on the other hand, Baire's
theorem asserts that this intersection is “generic”.

To complete the proof of Theorem A, it remains to analyse the structure of
invariant measures for generic subgroups of Homeo,, (M). For the rest of this
section we suppose fixed the covering B, (which was defined at the beginning
of the section). We begin with the lemma below which is still an elementary
generalization of Lemma (3.2).

Givenng € Nande > 0, denoteby ‘W' the subset of Homeo,, (M) consisting
of those homeomorphisms f satisfying the following condition: if v isaBorel
probability invariant under f then v(R™) < e¢.

Lemma 3.4. Assume no € N is fixed. Given ¢ > 0, the set W° is dense in
Homeo, (M).

Proof. Let us prove that the complement of ‘W’° is closed and has empty
interior. Assume that 2 € Homeo, (M) has an invariant probability measure
satisfying v(R"0) > ¢. Notice that, in this case, R"® cannot have more than
1/¢ digoint images under 4. In other words, if m > 1/¢, then for somei €
{1,...,m}, K" (R") N R" #£ ¢. Therefore the idea is to use an argument of
general position to show that f can be approximated by a homeomorphism for
which R" has “many digoint” images. Let us make thisidea more precise.
First suppose that M is a surface so that R consists of a union of lines.
Choosem > 1/¢. By a“transversality argument”, it is possible to aproximate /
by h; so that the h) (R"™) N h{(R”O) is reduced to afinite number of points for
every i, j € {1,...,m},i # j. Now we can approximate h, by h, so that

L (R™) N A (R"™) = hb(R"™) N h)(R"°)
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and, furthermore, the i1,-orbit of any point inh%(R”O)ﬂhé(R”O), i # ] isinfinite.
Thus, if v, isaprobability preserved by h,, one has vo(h)(R™) N h(R™)) = 0
whenever i # j. Hence

V2 (U hé(Rno)) =m.v(R") < 1.

i=1
We conclude that vo(R") < 1/m < .

For ageneral manifold M we proceed in arecurrent way on the intersections
hi(R"™) N h’(R™). Precisaly, by the transversality argument, the dimension of
these intersections will be smaller than dim (M) — 1 (where dim (M) stands for
the dimension of M). So we can approximate 4 by i, so that

i (R (R™) N hI(R™)) < §,

for every probability preserved by #; and any § > 0. If § is small enough, we
then conclude that

m.vi(R) <1l—-mm—-168 <¢.
The proof of the lemmais over. O

Remark 3.5. Assume that / belongs to W!° C Homeo,(M). We claim the
existence of a relatively compact open neighborhood V of R"™ M such that
v (V) < 2¢ for every Borel probability v preserved by 4. In fact suppose for a
contradiction the claim is false. Thus there is a sequence of relatively compact
neighborhoods V; and a sequence of measures v; preserved by 4 which satisfy
the conditions below:

Vi Vo2 V322V, 2.
* NZyVi=R"M;
* v; (Vi) > 2¢ forevery i.

Sincethe spaceof Borel probabilitiesiscompact (cf. below), we can supposethat
v; converges to v which is automatically preserved by 4. Since v (R"™M) < ¢,
there is a neighborhood U of R™ M such that v (U) < 3¢/2. For sufficiently
largei,onehasV; C U, thusv; (U)—v (U) > ¢/2 > Owhichisacontradiction
with the fact that v; — v. This provesour claim.

It is well-known that the space of all Borel probabilities on M is a compact
metric space (cf. for instance [Ma]). Denote by d(.) the associated metric. To
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construct d(.), we consider a countable set of open balls {B'};cy defining the
topology of M. If vy, v, are probability measures on M, we set

d(vs, v = Y 12 ; v@) 1|
i=1

Consider the set 0" C (Homeo, (M))? of pairs (f1, f2) which do not preserve
any borelian probability v whose distance to  is greater or equa 1/n.

Lemma3.6. )" C (Homeo,L(M))2 is an open set.

Proof. Suppose for a contradiction that the statement is false. Then thereis
(f1. f2) € " and asequence {( fy, f2)} C (Homeo, (M))?\ " suchthat each
coordinate { f;;} converges uniformly to f;. For each I, we consider a measure
v, preserved by ( f, f) and having distanceto . at least equal to 1/n. Clearly
{v;} can be supposed to converge towards some measure v which also satisfies
d(v, u) > 1/n,in particular v is not preserved by (f1, f2).

Because v is not preserved by (f1, f2), there is an element f in the group
< fi1, f» > generated by f1, f> and an openset U C M such that v(U) <
v(f(U)). Next consider theelementsf, €< fu, fa > corresponding to f in the
obvious way (in particular {f;} — f uniformly). In addition note that we can
find arelatively compact set V  f(U) suchthat v(V) > v(U). However, since
{f;} — f,for I large enough V isenclosed in f,;(U) so that

liminf v fU)) = liminf v (V) = v(V).

On the other hand v, (U) converges to v(U) which is gtrictly lessthan v(V), so
we finaly obtain v;(U) < v(V) < v (f,(U)) for I large enough. The resulting
contradiction establishes the lemma. O

We are ready to complete the proof of Theorem A.

Proof of Theorem A. Since we have seen that there is a residual subset of
(Homeo, (M))? whose elements have all orbits dense, we just need to verify
the existence of another residual subset of (Homeo,, (M ))? whose elements have
only 1 ascommon invariant measure. After Lemma (3.6), wejust need to check
that the sets20" C (Homeo, (M))? are dense.

Assume we are given § > 0 and consider the collection {B*, B?,... , B"}
of the balls involved in the definition of the metric d(.). In order to prove that
20" is dense, we need to prove that a pair (f1, f2) € (Homeo,(M))? can be
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approximated by another pair (f, f2) € (Homeo, (M))? with the following
property: if v isaborelian probability preserved by f1, f2, then

| v(B)) — u(BY [|< 8 forevery i =1,... ,m.

Indeed, if f1, /> areasabovefor appropriates andm, itfollowsfromthedefinition
of d(.) that the pair (f1, f») belongsto ",

Thus assume from now on that § > O and m € N arefixed. Given¢ > 0, we
need to find /1 (resp. f2) e-closeto f1 (resp. f>) satisfying the above condition
forevery B' i =1, ..., m. Using the notation of Theorem (3.3), choose ng SO
large that Theorem (3.3) does apply with respect to ¢ and

Ki—Ki &
< =,
gSoM 10

foreveryi =1,...,m, where

1. g §"oM denotes the number of cellsin S"°M (i.e. the cardinality of S"oM
which is equal to 1,4");

2. Ki (i =1,...,m) isthe maximum number of cells o; of S"M whose
union is contained in B;

3. Ké' (i = 1,...,m) isthe minimum number of cells o; of S"°M whose
union contains B’ \ R™ M (by asmall abuse of notation, in this case we
simply say that the union of the o;’s contains B').

Using Lemma (3.4) we approximate f> by f> belonging to Wi Nextlet vV
be an open neighborhood of R M satisfying the following condition:
() —if v isaBorel probability invariant under f>, thenv (V) < §/10.

The existence of V isensured by Remark (3.5). Now wetake« > 1 so close
tolthat VU ¢i‘1(l,f0’j’a) coversthe whole of M. Finally we approximate f;
by f1 sothat 1 permutes the cubes ¢; (I ;) asin Theorem (3.3).

Tofinishtheproof, itisenoughtoverify that ( f1, f2) wtisfytheabovecongitiqn
ond and B'. Thusconsider aprobability v simultaneously invariant under f1, fo.

Note that all the cubes ¢; L(1* . ) have the same v-measure since they are

no, j,a

permuted by f;. Furthermore the estimate below does hold for the measure of
the union of al these cubes:

v (U ¢>,-‘1(I,’fo,j,a)) <1-v(V)<1-6/10.

S"OM
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Denote by o one of these cubes. Because they are also pairwise disjoint, one
obtains

1-45/10
>V (%) > ————r.
g S"oM g S"oM
It follows that A _ 0
K} . K-11-4/1
2> (B) > A-9/10)
g S"oM g S"oM
On the other hand , _
gSoM H T gSoM
Thus
. . K — K| SKi § 8
BY) — B! < 2 1 1 <« e 5.
1B =vEI = ~oon T 10s50m =107 10 ©
The proof of the theorem is completed. O

4  Proof of Theorem B

This section is devoted to the proof of Theorem B. Thus S denotes a compact
surface,  is a Cl-area measure and fi, f» are elements of Difft(S). Without
loss of generality, we can suppose that f; isnot of Anosov type.

Recall that afixed point p of adiffeomorphism f of S iscalled elliptic if the
eigenvalues of f at p are non-real numbers of modulus 1. More generally, if p
isperiodic for f with period &, then p issaid dliptic for f if the eigenvalues of
fkat p are non-rea and have modulus 1.

The non-wandering set of a conservative diffeomorphism coincides with the
wholeambient manifold by virtue of Poincaré RecurrenceLemma. Givenapoint
p € S and adiffeomorphism f € Diffl{(S), the Closing Lemma (conservative
version, [P-R]) then statesthat f can be C*-approximated by a diffeomorphism
fe Diffi(S) for which p isaperiodic point. Furthermore, unless f isof Anosov
type, atheorem due to Newhouse [Ne] asserts that we can, in fact, assume that
p isdliptic for f.

Definition 4.1. A periodic point p of period & for /1 € Diffi(S) will be called a
local rotation (““Siegel disk™) if and only if there is a relatively compact neigh-
borhood U of p satisfying the two conditions below:

1. The boundary dU of U is invariant under hi*.
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2. Thergis a local coordinate ¢ taking the closure of U, U, to the closed unit
ball B of C in which the restriction of ¥ to U has the form

h*(z) = exp(i6).z, where 6/2x is irrational.

The proof of our first lemmarelies heavily on the theorem of Newhouse men-
tioned above.

Lemma4.2. Assumethat’ e Diff/ﬁ(S) is not of Anosov type. Then, givene > 0

and a point p € S, there is a homeomorphism / € Diffi(S) having C*-distance
to & less than e for which p is a local rotation.

Proof. First we approximate i by /i, € Difflﬁ(S) for which p is a periodic
elliptic point with period k € N*. Next let B;(p) bethe ball of radius § centered
at p. Choose § > 0 0 that the sets Bs(p), ha(Bs(p)). ... . hy l(B(g(p)) are
pairwise digoint. Now observe that the boundary of h* (B(;(p)) ahk 1(Bs(p)),

converges in the C* topology to 8 Bs(p) (the boundary of B;(p)) when § goes
to zero even after a dilation of ratio 1/§ of Bs;(p). Choosing § very small, it
followsthat /11 can be approximated by /2 so that /25 leaves 3 Bs (p) invariant i.e.
h5(d Bs(p)) = 9 Bs(p).

Since the mapping from a B;(p) to 3 Bs(p) induced by h" is isotopic to the
local map given by thederivativeof 45 at p, it followsthat /2% can be C!-deformed
inside 715~1(Bs(p)) into i so that p becomesalocal rotation of period k for /.
This proves the lemma. 0

We now introduce the definition of vector fields in the closure of a group
following previous works as [Na] and [Rebl].

Definition 4.3. Let U be an open set on a manifold M equipped with a vector
field X. Denote by @ the local flow of X on U and assume that there is a group
G acting on M. We say that X is in the C*-closure (resp. C*, C*-closure) of
G if and only if the following holds: given a relatively compact subset V.c U
and 7o € R such that @', is defined on V whenever 0 < r < 1o, the mapping
P2 : V — ®Y(V) is the C-limit (resp. C*, C*-limit) on V of the restriction
to V of a sequence of elements in G.

Note that the above definition is natural under the action of G in the sense
that, if X defined on U isinthe C-closure of G and i belongsto G, then h, X

defined on 4(U) isin the C1-closure of G aswell. The next lemma contains the
main ideain the proof of Theorem B.
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Lemmadd. LetG =< fi1, f» >C Difft(S) be as before. Assume we are given
e > Oandapoint p in S. Then there exists f, € Diff1(S) (resp. f2 € Diff%(s)),
which is e-close to f1 (resp. f») with respect to the C-distance, such that the
conditions below hold.

1. There is a neighborhood U of p in S equipped with 2 vector fields X, Y
which are linearly independent at every point of U;

2. X, Y are contained in the C2-closure of G, the group generated by f1, f>.

Proof. Using Lemma (4.2), we can suppose that p is a local rotation with
period ky € Nfor /. Lety : V € S — D c C bethe coordinate in which f;*
becomes

(z) = €%z, where ||z ||< 1 and 6/27 isirrational .

Consider the vector field Z defined on D and glven by Z(z) =|| z || (8/9x —
9/0y). Because ¢ isirrational, the powers of fl approximate the flow of Z. In
particular the vector field Z = *Z defined on V belongs to the closure of the
cyclic group generated by £;™.

We can suppose the existence of a neighborhood V; C V of p and a number
k, € N* suchthat U = Vi N f32(Vy) is still a neighborhood of p. Indeed, it
would be enough to apply the Closing Lemmato f,. Obviously we can also have

i52(p) # p. Hence the vector field X = (f3?)*Z is defined on U and verifies
X(p) # 0. Furthermore X belongs to the closure of the group generated by
f1. f>. Findly recalling that the derivative of f;* at p is an irrational rotation,
it results the the vector field Y = (f;*)*X issuch that X (p), Y (p) are linearly
independent at p. Thereforethey remain linearly independent in aneighborhood
U of p (modulo reducing U). Sincethey are both contained in the closure of the
group generated by f3, f>, the proof of the lemmais finished. O

Assumethat G C Difflﬁ(S) actson S and let U C S be an open set equipped
with vector fields X, Y in the closure of G which are in addition linearly inde-
pendent at every point of U. Observe that the G-orbit of any pointin U isdense
inU: infact, if p, g aredistinct points of U, then they can be “joined following
theflowsof X, Y”. Because X, Y areintheclosure of G, we can find asequence
of elements {h;} C G such that #;(p) convergesto g. This shows that these
orbits are dense in U. Furthermore a similar argument holds in the sense of
“local ergodicity”, it suffices to take into account the fact that the sequence {4;}
actually converges C* on U to the composition of local flows of X, Y.

We are now able to prove the Theorem B.
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Proof of Theorem B. Let f1, f> be as in the statement of the theorem in
question. We want to verify the existence of f1, f» generating a group G for
which it is possible to select an open set V C S having the desired properties.
Clearly the C-distance between f1 and f; (resp. f> and f») must be less than
g, for any ¢ > 0O previously fixed. We shall construct f1, f> by a step-wise
procedure.

Choose p; € S. According to Lemma (4.4), we can find fl 1 (resp f2 1)
g/2-closeto fi (resp. f») in the C*-distance such that the group G generated
by these diffeomorphisms containsin its closure vector fields X1, ¥; defined and
linearly independent on a neighborhood U; of p;. Denote by V; the orbit of U,
under G1. In view of the preceding discussion, it follows that any point in V;
has orbit under @1 everywhere dense in V. Therefore, if Vi isdensein S, the
proof of the theoremis over.

Hencewesupposethat V; isnot dense. Consider apoint p,in S\ V1 (whereV,
standsfor thetopological closureof Vyin S). Repeating the procedure above, we
canobtain f1 - (resp. f» ) e/4-closeto f1 1 (resp. f>1) inthe C1-distance, which
generate a group G- having the following property: there is a neighborhood U,
of p, equipped with linearly independent vector fields X, Y, in the closure of
G,. Furthermore, since Vy isinvariant under G1, we can also assume that the
restriction of fl 2 (resp. f2 ») to V1 coincides with the restri ctlon of fl 1 (resp.
fz 1) to the same set. Fi naIIy denote by V, the orbit of U, under G2

If V, isdensein S\ V3, we stop our procedure. Otherwise we continue by
choosing psin S\ ViU V. applying succvely this argument we abtain by
transfinite induction two diffeomorphisms f1, 7> in Diff% . (S) generating agroup

G which satisfies all the conditions below.
1. f1 (resp. f>) ise-closeto fi (resp. f») with respect to the C1-distance.

2. There are a countable (maybe finite) number of open sets Vi, Vs, ... in-
variant under G.

3. Theunion | J;2, V; isdensein S.

4. The action of G on V; is minimal (i.e. hasall orbits dense) and ergodic
with respect to the L ebesgue measure of V;.

To concludethe proof, wejust needto seethat all these V;'scan be“ connected”
by perturbing f3. Thecomplement of [ J;—, V;, namely theunion | J;—, dV; of the
boundariesof the V;’scannot be stably invariant under f3. Actually by perturbi ng
fsinto f3 we can ensure that any set contained in Ur2, @V; and invariant by fa
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is totally disconnected. Hence the set | J;°; V; will be minimal for the group
generated by f1, f2, f5. The proof of the theorem is over. O

Proof of Corollary C. Just notethat, for the purposes of adense orbit, we can
connect the sets V;'s by conveniently perturbing f1, f> themselves. O

5 Groupsof analytic diffeomor phisms

We now begin the second part of the present work which is devoted to groups
of analytic diffeomorphisms. In this section we shall discuss some basic results
especially those borrowed from [B-T] and [Gh]. From now to the end of this
work M will stand for a compact analytic manifold and Diff (M) will denote
the group of analytic diffeomorphisms of M.

By virtue of a result due to Grauert, there exists a real analytic embedding
of M in some Euclidean space R". Considering R" as contained in CV, we
can define a complexification of M which is an open complex manifold M of
complex dimension equal to the real dimension of M. Two compl exifications of
M coincide on aneighborhood of M and we fix one of them.

It sufficestointroducetheanalytictopology onthespace C* (M, R!) consisting
of the R/-valued analytic functionson M. Actually, since M isembedded inR",
the group of analytic diffeomorphisms Diff“ (M) of M form a closed subset of
C®(M,RN). Thus this group is naturally endowed with the induced topol ogy.

Given t > 0, let M, denote the set of points of M whose Euclidean distance
(i.e. the ordinary distance between pointsin CV) to M islessthan r. Next, if
7, ¢ € R, wedefinethe set U(r, &) C C“(M, R') by

U(r, &) =fh € C*(M,R) ; sup || h(2) || < e}
zeM,

where / stands for the holomorphic extension of & to M, (notation: if » does
not admit a holomorphic extension to M., we set sup, .z, Il h(z) || = +00). To
definethe analytic topology on C” (M, R'), wejust need to impose the following
conditions:

1) A basis of neighborhoods for the constant map taking M to the origin of R! is
given by the sets U(z, ¢), 7, ¢ € R

11) A basisof neighborhoodsfor agiven € C*(M, R) isobtained by trand ation
of the above mentioned basis.
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Accordingto Takens, [Tal], the analytic topol ogy above defined possesses Baire
Property.

Before going further and discuss analytic perturbations, we want to recall the
notion of pseudo-solvable groups introduced in [Gh]. So consider a finitely
generated group G along with agenerating set S = { f1, ..., f;} (thereader can
think of G as a subgroup of Diff”(M)). Following [Gh] we define a sequence
% (S, n) of subsets of G asfollows:

1) (5,00 =S
1) 2(S,n+1) = {[g* h*tl ) whereg € (S, n),h € (S, n —1) U X(S, n)
(he 2(S,0)ifn=0)and[g,h] =gohogtoh™

Definition 5.1. ([Gh]) The group G is said to be pseudo-solvable if, for some
finite generating set S of G, the sequence X (S, n) degenerates into {id} for n
large enough.

Theinterest of thisdefinition isjustified by the theorem below which isdueto
Ghys.

Theorem 5.2. (Ghys, [Gh]) There exists an open neighborhood ‘U of the identity
in Diff“(M) such that, if G is a group which is not pseudo-solvable and admits
a finite generating set S = {f1, ..., f;} contained in ‘U, then G contains a
sequence of diffeomorphisms {4} satisfying the following conditions:

1. hy #id forall k.

2. Each h; possesses a holomorphic extension Iy to 1\71, for some uniform
7> 0.

3. sup,jz. |l hy(z) — z || goes to zero when k goes to infinity.

An immediate consequence of item 3 and Cauchy’s Formula is that the se-
guence {h,} converges C to theidentity on M. In order to apply Ghys's theo-
rem to our problems, we need to ensure that our groups are not pseudo-solvable.
From the generic point of view adopted in this work, this is a corollary of the
next proposition.

Proposition 5.3. Consider Diff“ (M) equipped with its analytic topology. There
is a residual set R c Diff“(M) x Diff”(M) such that the group generated by a
pair of diffeomorphisms ( f1, f2) in R is free.

Consider anirreducible word W (ay, a) inthe symbolsas, ay, that isaformal
list of the form

W(ai, ap) = a}.aj . - .aj.af D
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where j, = 1 or 2 depending on n being odd or even and i, € Z* (note that
without loss of generality we can supposethat W (a1, az) startswith a;). Denote
by W( f1, f2) theelement of Diff“ (M) obtained by replacinga; by f1 (resp. a2 by
f2) and considering the “dot” between two consecutive al”jjal’" as composition.
Becausethereare only countablemany irreduciblewords W (a,, ay), thestandard
Baire’sargument allows usto conclude Proposition (5.3) from Proposition (5.4).

Proposition 5.4. Fix W(ay, ap) as above. The set Ry of pairs (f1, f2) €
Diff”(M) x Diff“(M) such that W( f1, f>) is different from the identity is open
and dense.

Obvioudly the set Ry is open. Thus it is enough to check that it is also
dense. We then consider an irreducible word W (ay, az) as in (1) and a pair
(f1, f2) of diffeomorphimsin Diff“(M) x Diff“(M) suchthat W( f1, f2) = id.
Without loss of generality, we can suppose that W has minimal length among
the irreducible words W (a1, a,) asin (1) satisfying W (f1, f2) = id (thelength
of anirreducible word asin (1) isby definitionthevaluei, + i, + - - - +i,). We
need to prove that fi, f> can be perturbed in the analytic topology to provide
elements f1, f> € Diff*(M) suchthat W( f1, f>) # id.

Givenapoint p € M, theorbit under W (f1, f2) of p isby definition thefinite
set consisting of points of the form

o =) U {flrom o fm]

k=1 1<l <iy

where j, equals 1 or 2 depending on k being odd or even. In particular fork = 1
the set £} o -+ o fi*(p) is reduced to the points f1(p). f2(p). -+ . fi(p).
Because of the assumption that W has minimal length among irreducible words
satisfying W(f1, f2) = id, we can select p € M such that Oy (p) consists
of pairwise distinct points which will be numbered as p1, ..., ps_1, ps = p.
Consider also aneighborhood U of p such that the orbit of U under W, Oy (U),
consistsof opensets{U;, ..., U;_1, U, = U} pairwisedisjoint and such that U;
isaneighborhood of p;.

Consider a C* vector field X which vanishes identically on M \ U,_; and
satisfy X(ps_1) # 0. We denote by &y the (globa) flow generated by X.
Replacing f;, by fj, o ®, we seethat the orbit of p under W is affected only
around f;" o -+ o f;*(p) (which previously agreed with p itself). Precisely the
new orbit becomes {py. ... . py_1. py = fj, 0 Py o fi o0 fiX(p)} If
t is small enough, we can ensure that ', (p) # p so that p, # p. Therefore
we have constructed a C* perturbation of f1, f> satisfying our requirements,
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namely such that W( f1, f2) # id. Now we have to turn this C* perturbation
into an analytic one. Here we shall use the argument of [B-T]. We keep the
preceding notations.

Due to technical reasons, we embed X into the family X; = A.X, A € [0, 1],
of C* vector fields vanishing identically on M \ U,_; for al A. In particular
Xo vanishesidentically on M and the derivative of X; (p) with respect to A at
A=0,0X,(p)/IA |;=0, isdifferent from zero. Accordingly, we denote by ®x ;
theflow of X;. Finally let ¢, > 0 be so small that q);?’)\(p) # pforal A € (0, 1]
(this assumption can always be made without loss of generality).

Assume we are given a neighborhood Uy (resp. ‘Up) of f1 (resp. f2) in
the analytic topology. We need to find f1in Uy (resp. f> in Us) such that
W(f1, f2) #id.

Let X; 7 bethe vector field obtained by evolving X; under the heat equation
on M (which is defined in accordance with the analytic metric induced on M
through the original embedding of M into RY). It isprovedin [B-T] that X, 7
isrea anayticfor adl T > 0 and, besides, one has the estimates

| Xor — X5 k= O(TYH || X, [|een and
1 Xs.r Ile< &xp (+%/4T) . S 11 X3(p) I e

pe

where || . ||cx (resp. || . ||cx+2) stands for the usual C* (resp. C**+1) norm and
the constant is determined by the heat kernel.

Proof of Proposition (5.4). Tosimplify thenotations, let ussupposethat j, = 2
(the case j, = 1iscompletely analogous). We denote by £, 7 the diffeomor-
phism f, o @7 ,.. We want to check that it is possible to choose A, T such that
fo,r belongsto Uy and W( f1, fo 1) # id.

So consider the function F() =|| W(f1, f2 o ®¢,)(p) — p || and note
that 9F/9A # O at A = 0. Next we define the family of functions Fr(1) =
| W(f1, for.r)(p) — p ||. If Fr isafunction sufficiently C1-close to F (T
fixed), then 0 Fr /oA is different from zero at A = 0. Thisimpliesin turn the
existence of arbitrarily small A > Osuchthat Fr (L) # 0. Therefore, to conclude
the proof, wetake T > 0sosmall that 3 F(0) /91 # Owhichispossiblein view
of the first estimate in (2). Now, for such afixed T, we can find A > 0 small
enough to ensure that Fr(A) # Oand || X, 7 ||l,< & for any previously fixed
0,8 > 0. Finaly if o, § are suitably chosen, it is clear that f,, r liesin U, as
desired. This proves the proposition in question as well as Proposition (5.3). [

Now we shall prove Theorem D.
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Proof of Theorem D. Denote by M a complexification of M and let G be
a group as in the statement of the theorem. Using Proposition (5.3) we can
suppose that G is afree group. Now, Ghys's theorem (Theorem (5.2)) ensures
the existence of = > 0 and of asequence of diffeomorphims {;} C G (h; # id
for al i € N) whose corresponding holomorphic extens ons {;} are defined on
M, and, infact, converge uniformly to the identity on M..

Let f be a Morse-Smale diffeomorphism belonging to G which exists since
(f1, f2) belongs to V. Modulo perturbing f with the techniques explained
above, we can assume without loss of generality that all the attractors and all the
repellersof £ or of aniterate f* arenon-resonant. Recall that the non-wandering
set Q(f) of f isfiniteand therefore consists of afinite number of fixed and peri-
odic pointsof f. Consider the points p1, ..., p, € Q(f) of periods sy, ... , s,
suchthat p; iseither ahyperbolic attractor (sink) or ahyperbolic repeller (source)
for f%i. Fixedi € {1, ..., r}, denote by Bas(f*, p;) (resp. Bas(f~*, p;)) the
basin of p; with respect to f* (resp. f~*), namely it isthe set of pointsx € M
such that the sequence { 5% (x) }ren (resp. { f 5K (x)}ren) CONvergesto p;. Itis
easy to see that the union |J'_,(Bas(f*, p;) U Bas(f ™, p;)) covers M apart
from afinite number of points belonging to ©2(f). However by considering an
element ¢ € G whichisnot apower of f (sothat g, f generatesafree subgroup
on two generators), we can suppose that the g-orbit of thefinitely many pointsin
M\J;_,(Bas(f*, p;)UBas(f ¥, p;)) areinfinite. In other words, the g-orbits
of these pointsintersect | J;_,(Bas(f*, p;) U Bas(f ", p;)).

Claim. Every point p in M possesses a neighborhood U, equipped with a
non-trivial vector field X whichisinthe C*-closure of G (cf. Definition (4.3)).

Proof of the Claim. After the above remark concerning the g-orbit of points
belongingto M \ | J;_,(Bas(f*, p;) UBas(f~*, p;)), it sufficesto show that any
point p in, say, Bas(f*, p1) (p1 being an attractor of f*1) possesses a heighbor-
hood U equipped with anon-trivial vector field X having the required properties.
Actually we just need to construct a non-trivial vector field X contained in the
C*>-closure of G and defined on a neighborhood of p;. However, if U ¢ M,
is a neighborhood of p, in M, then Proposition (2.1) ensures the existence of a
vector field X defined on U (modulo reducing U/) with the property pointed out
in the statement of this proposition. Indeed, p; is a hyperbolic attractor of £
and f* is C“-conjugate to its linear part on a neighborhood of p; (Poincaré's
theorem, recall that f was already made generic in the sense that the attractors
or repellers of the iterate f* are not resonant). On the other hand, we have also
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the existence of a sequence of elements {/;} converging uniformly to the iden-
tity on U so that all the assumptions of Proposition (2.1) are verified. Finally
Cauchy Formula shows that the restriction of X to U N M isin the C*-closure
of G. To complete the proof of the claim we need to show that this restriction
cannot vanish identically. For thiswe notice that X was constructed as alimit of
diffeomorphisms that preserve the real manifold M. Thus, inlocal coordinates,
the Taylor series of these diffeomorphisms have real coefficients. Then the same
appliesto the Taylor series of X. It followsthat, if X vanished identically on M
(the real manifold), it would vanish identically on U as well. We have already
seen that thisisimpossible so that the claim results at once. d

Therest of the proof of Theorem is how standard. Under generic assumptions
the group G has, in fact, many linearly independent vector fields X as above on
aneighborhood of each point. The rest of the statement followsasin [L-R] (see
aso for [Be] for a dightly different argument). Further details are provided in
the appendix in order to make the paper more self-contained.

6 Vector fieldsand proof of Theorem E

In this section we shall prove Theorem E. In the course of the proof we shall
review the general construction of vector fields in the closure of groups (or
pseudogroups) used in particular in the proof of Proposition (2.1). As mentioned
our treatment isstrongly inspiredinour joint work with F. Loray [L-R]. However,
in the present casg, it isless technical and therefore becomes shorter and clearer
compared to the discussion of [L-R]. As to the treatment given in [Be], our
discussion seemsto be applicable to alarger class of situations as suggested by
Theorem E.

Denote by B" ¢ C” the unit ball of C*. Consider a pseudogroup I' consisting
of holomorphic maps from open subset of C” to C". In the course of this section
we shall be involved with different uniform constants whose specific valueis not
important. They will be denoted by Const or const so that, sometimes, different
constants will be assigned with the same name. The proposition below makesiit
clear what is the fundamental ingredient to construct vector fields as desired.

Proposition 6.1. Suppose that I" contains a sequence of maps H; satisfying the
assumptions below:

1) The maps H; converge uniformly to the identity on a common open domain
U C B". Besides H; # Id for every i € N.
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11) There is a relatively compact open subset V C U and a uniform constant
C4 such that

SEIOIIHi(Z)—zII < Clsl‘J/pllHi(z)—zII- 3

Then there is a non-trivial C“-vector field X in the closure of " relative to V (in
the sense of Proposition (2.1)).

Proof. The proof isvery smple. Let {H;} be a sequence of elementsin T as
in the statement. For each sufficiently largei € N, we consider the vector field

1
X; = Vi H; —
@)= Spy THi @) =z @ = 2)

whichisdefined on U (where Vect(H; (z) — z) standsfor the vector of extremities
H;(z) and z). By constructionwe havesup,, || X;(z) ||= 1. Hence Montel The-
orem ensures the existence of a subsequence (still denoted by {X;}) converging
uniformly on V towards a vector field X. Estimate (3) alows one to conclude
that X isanon-trivia vector field sincesup,, || X; ||> 1/Cy1 > Oforall i € N.
Finally the standard argument of “polygonal approximations’ used in Peano’s
theorem of existence of solutions for continuous differential equations (cf. for
instance[Rebl]) showsthat X possessesthe desired properties. Namely the flow
of X at time is approximated by a sequence of the form H/" (z) where n; is
given asthe limit [z/ sup,, || H;(z) — z ||] (up to passing to a subsequence and
where [ .] stands for the integral part). The proposition is proved. O

Building on Proposition (6.1) we can give a short proof of Proposition (2.1)
as well as a proof of Theorem E. Naturally both proofs boil down in finding
sequences satisfying the conditions of Proposition (6.1) and contained in ™ (for
Theorem E the sequence must be contained in apseudogroup obtained by suitable
restrictions of skew-productsin G). Let us begin by proving Proposition (2.1).

Letusfix k € N and consider the space P (k, C*) of mapsfrom C" to C" whose
components are polynomials of degree at most k£ on the coordinates z, ... , z,
of C". Consider also open sets U; C U, of C" and a constant C; > 0. The
following lemma is elementary and relies on the fact that maps in P(k, C")
have only finitely many “coefficients’ (more “abstractly” it relies on the local
compactness of this space).

Lemma6.2. Let Uy, U, be as above. Then there is a constant C; such that

sup || f(z) —zll=Casup|l f(2) —z Il .
Uz U1
for every f € P(k,C").
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Proof. Suppose for a contradiction that the statement is false. Let {f;} C
P (k, C") be a sequence such that

m P, Il fitz) =zl
i—oo sUpy, || fi(z) —z ||

Notethat we can supposewithout lossof generality that the maximum of themod-
ulus of the coefficients of f;(z) — z is1. Henceit follows that the sequence { f;}
is uniformly bounded on U,. Thus it admits a subsequence which is uniformly
convergent in U;. Let f,, be one such uniform limit. Since { f;} is uniformly
bounded, Equation (4) impliesthat f., must coincidewith theidentity. However
since al the maps are in P(k, C") (i.e. have only finitely many coefficients),
Cauchy Formula guarantees that uniform convergence is equivalent to conver-
gence of al coefficients. It followsthat al the coefficients of f,(z) — z arezero
and that they are limits of the corresponding coefficients of f;(z) — z. Thisis
however impossible since all the maps f;(z) — z have at least one coefficient of
modulus 1. The resulting contradiction establishes the lemma. O

Now we fix T" asin the statement of Proposition (2.1). Our sets U, V will be
chosen as balls centered at the origin and with appropriate radii. We begin the
construction of the desired sequence H; by noticing the existence of § > 0 with
the following property:

(*) if h is a differentiable map defined on B(421/5) and such that supg,;, 5
[| h(z) —z ||< 8, thenthemap F~1 o h o F isdefined on B(4i1/5) aswell.

For each sufficiently largei € N, we consider themaps F o h;jo F , -- -,
F~7® o h; o F/O where j (i) isthe greatest positive integer for which the map
F~1®oh;o Fi®isdefinedon B(4x1/5) (j (i) = ocif allthemaps F~/ oh;o F/,
J € N, are defined on B(411/5)).

The construction of the sequence H; will be divided into two cases.

(4)

Casel:. If, modulo passing to a subsequence, one has j (i) < oo for every i.
By virtue of the definition of j (i) and of observation (x), it follows that

sup || F7DohjoFiD(Z) —z|>8>0.
B(3r1/4)

Next we fix a sequence {6, },en Of readls §; > 82 > --- > 0 converging to zero
when r goes co. Fixed i, r, we define j (i, ) asthe smallest positive integer for
which

sup || F7ohioF/(z)—z|l =8 >0. ©)
B(3h1/4)
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Note that the existence of j (i, r) is ensured by the fact that j (i) < oco. Finally
let k € N bethe smallest positive integer such that | A, [¥<| A1 |.

Construction of the sequence H; in Case 1. The Taylor expansion of
(F~10D o h; o FIGD —id) gives

F~7@N oo Fj(i’r)(z) —z=
= F7/% o h; o FIUD(0) + (Do(F /%" o by o FIU7) — 1)z +
o+ DE(FI o by o FICDY A 4 R(j(,r), 2) =
= Pol;,, (k,z) + R(j(i,r), 2)

where R(j(i,r),z) < Const(1X/r1)/@" (where the constant Const does not
depend on j, i, r or z). Because j (i, r) obviously goes to infinity asi goes to
infinity for r fixed, it resultsthat R(j (i, r), z) converges uniformly towards zero
on B(3x1/4) (recall that | Ak /A, |< 1 for r fixed). Thusfor large enough i, one
has

| (F7%D o hi o F/®"(z) —z) — Polj; (k. z) ||< 8,/10C>.

The statement now follows from Lemma (6.2). O

Case2: Thereisig € Nsuchthat j(i) = oo for every i > io.

Note that the assumption above implies in particular that #;(0) = O for large
enough i.

Construction of thesequence H; in Case2. The Taylor seriesof thefunction
(h; — id) based at the origin is given by

(hi —id)(z) = hi(2) + (Doh; — Dz + -+

(where I stands for the identity matrix). Among the multi-indices « =
(a1, ..., ) (o; € N)suchthat D (h; —id) # O, we consider those for which
At - A% /), attains its maximal value which will be denoted by A; (where
1 =1,...,ncorrespondsto the component of &; in question). Clearly the value
A; can be attained only by finitely many multi-indices «.

To construct the sequence H; in Case 2, wefirst need to consider the sequence
{F7/ ohjo Fl}jen, i € N fixed, with regard to Equation (3). Precisely we
want to prove that the above sequence satisfies this estimate. Because of the
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homogeneity of Equation (3), the last claim amounts to verify the existence of a
constant Const such that

sup || A/ (F/ohjoF/(z2)—2) < Const sup || A,/ (F/ohjoFl(z)—2)|l.
B(3r1/4) B(r1/2)

Let o al, ... 52 (s > 1) be the multi-indices for which A‘fl . '/\‘,’,‘fl//\l equalsits
maximal value A; (@' = (o}, ..., a!)). Replacing F/(z) = (AMz1, ... , AnZn)
in the Taylor expansion of i; we obtain

AT (F T ohio FI(R) =) = cqz™ 4+ + 2™ + Ri(j,2)  (6)

where | @ |= a1 + -+ - 4+ «, and R;(j, z) goes uniformly to zero when j — oo
(¢ fixed). By deflnltlon Ciseo s Cqi # 0,90 that Lemma (6.2) implies that the
sequence {F~/ o h; o F/}jeN, i fixed, verifies an estimate like (3) given that
R;(j, z) converges uniformly to zero.

Note that the construction of the sequence will be completed if {F~/ o h;, o
F/};en converges to the identity for some ip € N. In particular if A;, < 1 for
some ig then Estimate (6) ensures this convergence and establishes the lemma.
On the other hand, we always have A; < 1, otherwise j (i) would befinite.

So we assume that A; = 1for every i € N. Inthiscasethenorm | | of the

multi- |nd|ces a'’s for which )ffl e Af,j'/kl = 1 isuniformly bounded (i.e. the
valueof | o, | appearing in equation (6) isbounded by a constant which does not
depend oni € N). Since the coefficients cz are coefficients of the Taylor series
of h; — id, Cauchy’s formula implies that these coefficients converge to zero
when i increases (since i; converges to the identity and the degree associated to
these coefficients is uniformly bounded). So we just need to associate to each
i € Nasufficiently largeinteger j (i) € Nin order to guaranteethat the resulting
sequence {F /@ o h; o FI®}; .y fulfils all the required conditions. The proof of
Proposition (2.1) isfinally over. g

We now proceed to the proof of Theorem E. Recall that G (resp. Gc) is
the group of skew-products over PSL (2, R) (resp. PSL(2, C)) mentioned in
Section 2. It is enough to deal with G since al proofs apply word-by-word to
the case of G¢. We want to prove the theorem below.

Theorem 6.3. Let G C G be as in the statement of Theorem E. Then there exists
an open interval 7 ¢ S* and a non-trivial C“-vector field X on V =1 x R
which is the closure of I'g relative to V, where I'g stands for the pseudogroup
induced by the restrictions to V of the elements in G.
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First we observe that G, c PSL (2, R) (the projection of G on the first coor-
dinate) is not solvable. Indeed, if it were solvable it would, in fact, be Abelian.
Hencethefirst derived subgroup of G would consist of elements having theform
(x,y) = (x, y+w(x)). Suchagroupisclearly Abelian thusimplying that G is
step-2 solvable. Therefore G,; is neither Solvable nor discrete (the latter conclu-
sion being part of our assumptions). It follows from elementary considerations
regarding the Lie group PSL (2, R) and its Lie dgebrathat G, is, in fact, dense
in PSL(2, R). In particular we can find a hyperbolic element A C G,,. Since A
is hyperboalic, we can suppose without loss of generality that the north-pole py
is an attracting fixed point of A. Next we consider a (not necessarily unique)
element FF C G which has the form F(x, y) = (Ax, y + u(x)) for some C*-
functionu : S* — R (note that our additive notation leads usto work on S* x R
with the second coordinate viewed as the universal covering of S*). Notice also
that, in the statement below, there is no reference to whether or not the functions
appearing in the second coordinate of the generators of G are close to zero.

Consider a complexification St of S*. One has:

Lemma 6.4. There is a neighborhood U C Siof Stand a sequence of skew-
products {h;} C G satisfying the following:

1. Each h; has the form hg(x, y) = (Bix,y + vi(x)) where By, v, admit a
holomorphic extension to ‘U.

2. Denoting by By (resﬁp. V) the holomorphic extensions of the B,’s (resp. v;’s)
to ‘U, it follows that { B} (resp. {vi}) converges uniformly towards the identity
(resp. zero) on ‘U.

Proof. Although our notation seems to involve a non-compact space, namely
St x R, the statement is actually a(much easier) particular case of Theorem (5.2).
Infact, it sufficesto noticethat the skew-productsin G commutewith the“vertical
trandations’ (x, y) — (x,y + const.). Clearly this allows us to restrict the
problem to acompact part of S* x R. Alsoitisclear that, inthe present case, the
convergenceto theidentity on thefirst coordinates of asequence of commutators
implies the same convergence for the corresponding second coordinates. O

Let I C S* beaninterval containing the north-pole py. Suppose that we have
asequence {H;} C G, H;(x, y) = (Cix, y +w;(x)), suchthat al the C;'sand all
the w;’s admit aholomorphic extensionto anopenset / ¢ Stof I (I NSt = I).
Suppose a so that these holomorphic extensions converge uniformly respectively
to the identity and to zeroon /. Let I C I be arelatively compact sub-interval
of I and let Iy be an open neighborhood if I, which is compactly contained in
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I. Thanks to Proposition (6.1), the proof of Theorem (6.3) is reduced to find a
sequence { H;} as above and a uniform constant Const such that

Const. sup [ (x)|| = sup | ()] ()
I 1

where @; stands for the holomorphic extension of w; to I. Indeed the sequence
{C;} formed by thefirst coordinates of the H;'s necessarily satisfies an estimate
similar to estimate (7) as follows from the fact that all the C;’s belong to a
compact neighborhood of the identity in PSL (2, R) (thisis essentially the same
local compactness argument employed in Lemma(6.2)). Thereforethe sequence
{H;} C G verifies the assumptions of Proposition (6.1) so that Theorem (6.3)
results at once.

In practice the desired sequence { H;} will be obtained from the sequence {4, }
of Lemma (6.4) by means of a procedure similar to the procedure used in the
proof of Proposition (2.1). Recall that 7, (x, y) = (Bix, y+vr(x)). ThegroupG
also containsaskew-product F (x, y) = (Ax, y + u(x)) such that the north-pole
pn isan atracting fixed point of A. Givenn € N, we have

n—1 n

F"(x,y) = (A"x, y+ Y u(A/x) and F7"(x,y) = (A""x,y = Y u(A/x)).

j=0 j=1
Hence, fixed n, k,
n—1 n
F"ohio F" = (A" BiA"x, y+ v (A"x) + Y u(A/x) = > u(A BLA"x)).
Jj=0 j=1

Defining w*” (x) = ve(A"x) + Y Zgu(A/x) = 3", u(A~/ By A"x) itisenough
to find a sequence of pairs (k, w) such that the corresponding sequence {w*"}
satisfies Estimate (7).

In appropriate local coordinates around py (py =~ 0), we can suppose that
Ax = )x for some » € (0,1). We also set By(x) = b2 + bix + h.ot. with
b; € R. In these coordinates w*" becomes

n—1 n
W (x) = v (W'x) + Z u(Mx) — Z u(h By (\'x))
=0 = ®)
= v (V'x) — Z oMo WTBN — Id)(x) .
j=1
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The next step is to introduce a relation between k, n. Modulo passing to a
subsequence of theelementsh, = (Bix, y+v(x)), wecan supposewithout |oss
of generality that B, (0) # 0 (where0 ~ py). Indeed supposethat B, (0) = Ofor
all but finitely many integers k. Since G,; isdensein PSL (2, R), the conjugates
DB, D for agenericelement D € PSL(2, R) (i.e. D suchthat D(0) # 0) will
not fix O any longer and will still provide a sequence of elements of G satisfying
the preceding conditions (modulo shirinking domains). Now we introduce an
auxiliary metricin PSL (2, R) andfix asmall neighborhood U (¢) of theidentity in
PSL (2, R). Clearly B, belongsto U (¢) for sufficiently largek. Given B, € U (¢),
we define n (k) asthe smallest positive integer for which A="® B, A"® does not
belong to U (¢).

Lemma6.5. For every k large enough there is n (k) such that A="® B, A*® does
not belong to U (¢). Furthermore A="® B, A*® still belongs to a neighborhood
U (re) of the identity in PSL (2, R) for some constant r.

Proof. Consider thelocal coordinate x mentioned aboveinwhich py ~ 0and
Ax = Ax. Let By = bQ + bix + - -- with b # 0. Hence

AT"BR A" (x) = AT"BY + bix + A (bix 4 ---).

In particular A= B; A"(0) = A~"b? so that A=" B, A" liesin the complement of
U (e) for n very large. For the second part of the statement note that A—"®+1
B A"®~1 pelongs to U (¢) by definition of n(k). Thus A~ B A" must belong
to the neighborhood U (r¢) (for some r which does not depend on €) given by
A~1U(e)A. The proof of the lemmais over. O

Thelast ingredient can be presented asfollows. Givenk andr, 0 < r < n(k),
we consider the vector vec;, (x) defined by setting the point x asits origin and
thepoint A~ B; A" x asitsfinal extremity. In classical vectorial notation we have
vec,, (x) = A" BiA"x — x. Ontheother hand, let usrecall that thereisauniform
constant const > 0 such that

SUp | By (x) — x| = Sup || B(x) — x| > const sup || B(x) — x| .
i I i

Infact, the above estimate results once again from thefact that al the B,’sbelong
to acompact part of PSL (2, R). This estimate immediately leadsto

2O SUp [[VeCkn o ()] = Sup [[vecy, (x)]
] Io

> const A"~ nk-r SUP [| V&Ckn x) (X) |
i

(9)
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forevery k and 0 < r < n(k).

Proof of Theorem (6.3). Asmentioned wejust need to find asequence {H;} C
G satisfying conditions of Proposition (6.1). Fixing ¢ > 0, the preceding
amountsto find H = (Cx,y + w(x)) € G such that w(x) satisfies (7) for a
uniform constant as indicated and

max {sup||Cx — x| ., sup lw)|l} <.
1 1

We are going to prove that, modulo choosing the preceding k very large and
the preceding € very small, thereis an element H € G verifying the conditions
in question. The statement will then follow as a consequence. We let H =
F7"® o hy o F"® = (Cx, y = w(x)) where k (and €) will be chosen later on.
According to Formula (8) we have

n(k)
w(x) = ve(x) = Y uo A" 0T BIx — x) .
j=1

Now Taylor’'s expansion provides

n(k) n(k)
D uo NPT B x —x) =Y Dol o A"O7)vec, (x) + R(x) .
j=1 j=1

However D2(u o A"®~7) = 320®-1p2 = u. Thanksto estimate (9), one has

n(k)
IR < SUPI| VECknao (0117 23O D2 )
1 j:l (10)
< Const SUp || VeCeq (1) |1? sup | D%ul .
1 1

On the other hand, using again the fact that G, isdensein PSL(2, R), we can
suppose without loss of generality that Dou # 0. Let M = Dou # 0. Modulo
choosing e very small and reducing I, I, we can suppose that sup; | Dyu| <
3M/2andinf; | Dyu| > M/2. Recall that

n(k)
wx) — v (x) = Zu o A= AT BA x — x)
j=1
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Hence, putting together all the estimates above, we conclude that

n(k)

3M '
w(x) — ve(x) < > Sup || VE€Ciy (i) (X) || Z An—J
! j=1 (11)

+ Const sup || D?ul| SUp || VeCkuq) () 1>
1 1

aswell as
M n(k) '
w(x) — v(x) > — const sup V&St () ()] Z)Ln(k)—J
d =1 (12)
— Const sup || D?ul| SUp [|VeCi, ) (x) 7.
I i

Up to reducing € we can make ||Vecy,x)(x)| arbitrarily small. We then fix e
small enough to have

n(k)
lw() = ve@)l =11 Y uod" @I Biddx — )|
j=1
M iy ‘
> —oonst | 352" ®77 | sup [veSiw (1)1l -
j=1 1

Oncee asaboveisfixed, modulo choosing k very large, sup; || vk (x) || canbemade
arbitrarily small compared to sup; ||[vec,x)(x) || since the latter is uniformly
bounded from below in terms of 7, I and €. The theorem then follows from
Estimates (11) and (12). O

Proof of Theorem E. Theargument is now similar to the proof of Theorem D.
More details on the nature of these arguments are provided in the appendix. [

We want to close this article with some questions. It seems clear that the
results presented here are not sharp (except maybe for Theorem A and, in some
sense, for Theorem E). Asto Theorem B and Corollary C, the most immediate
and interesting question is to decide about the ergodicity of the generic action
(recall that we have established only the existence of a dense orbit). Note also
that the context of these results seems to exhibit some rigidity properties similar
to the one discussed in Theorem D.
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Other difficult question concerning these resultsis their possible extension to
C?,C3, ... topology. Thisseems much harder since KAM theory does not pro-
vide counter examples. On the other hand, any attempt to provide an affirmative
answer apparently depends on a better understanding of questions related to the
“Closing Lemma’.

Still considering C*-topology, it may be more reasonable to try to extend
Corollary C to higher dimensions. In the volume-preserving case, there are
some well-known difficulties in generalizing the theorem of Newhouse used in
our proof. However even these difficulties might be more treatablein our context
of non-Abelian free actions. In the symplectic case, M.-C. Arnaud has extended
Newhouse's theorem to dimension 4 (cf. [Ar]). It might be interesting to check
if our techniques combined with Arnaud’s theorem would yield the existence of
adense orbit for the corresponding generic actions.

Concerning the second part of this paper, it is clear that the main result which
need to be extended further is Theorem D. A minor point inimproving thisresult
isto dispense with the non-resonance condition on the eigenval ues of the Morse-
Smale diffeomorphism. Indeed, this condition seems to be only a technical
requirement to make our proofs simpler. Much more important is to dispense
with the assumption regarding the existence of a Morse-Smale diffeomorphism.
Itisalsointeresting to extend these theoremsto C*°-topology (in which case we
may keep the assumption on the existence of a Morse-Smale dynamics).

On the other hand, we may wonder whether or not “generic assumptions’
would guarantee the existence of a diffeomorphism displaying a hyperbolic at-
tractor fixed point. This may be a hard, but treatable, question. In fact, if the
answer turns out to be affirmative, then the method of Section 6 should allow
some new results about these generic dynamics. Another possibility of making
some progress is to replace the existence of a Morse-Smale diffeomorphism by
other classical type of dynamics, like partial hyperbolic ones.

Ultimately, one might want to consider the idea of a complete generalization
of Theorem D. This question definitely seems to be very hard whereas it was
successfully settled for Diff (C, 0) (cf. [Na]) and Diff(S?) (cf. [Rebl]).
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7 Appendix: Complement to the proof of Theorem D

In this appendix we shall provide additional details on the proof of Theorem D.
It is easy to adapt the following arguments to derive Theorem E from Theo-
rem (6.3). The discussion below also explain at least the part concerning topo-
logical rigidity of Corollary F. As mentioned the proof of “measurable rigidity”
in Corollary Fisavariant of the argument in [Reb2].

Consider the subset V N (‘U x ‘U) of Diff*(M) x Diff®(M) described in the
statement of this theorem. Let (f1, f2) be an element of V N (U x U). By
virtue of Proposition (5.3) and, more generally, of the techniques of perturbation
discussed in Section 5, without loss of generality we can suppose that:

1. Thegroup G C Diff*(M) generated by (f1, f2) isfree;
2. G contains a non-resonant Morse-Smal e diffeomorphism F;

3. Let p be a periodic point of F with period s. Writing F* as a word
Wa(f1, f2), theorbit Oy, (p) under Wi( f1, f2) consist of pairwise distinct
points(cf. notation of Section5). Moreover the orbit of these points under
G isinfinite.

4. If p isan attractor of F* (resp. F~*), then we suppose that the eigen-
values Ay, ..., A, Of D,F* (resp. D,F~°) satisfy 0 <| A1 |< --- <]
A |< 1. Moreover the maximum of the sets of the numbers of the
form A7 --- 1% /A, is attained by a unique element (where o; € N and
le{l, ..., n}).

5. If hin G has only finitely many periodic points, then all these points
are hyperbolic. Furthermore, if such a point is a hyperbolic attractor
(resp. repeller) for a convenient iterate of /4, we aso assume that the
corresponding eigenvalues are distinct and non-resonant.

In the sequel we always assume that ( f1, f>) satisfies the above conditions.
Notein particular that conditions 2, 3 and 4 are not only generic but also open on
f1, f2. Wedenoteby K1 C VN (U x U) the set of the pairs (f1, f») satisfying
these conditions. Clearly K7 isaresidual set of 'V N (‘U x ‘U). We also want
to point out that it is possible to prove the Theorem D without using al these
assumptions, however thiswould require alonger discussion and would not |ead
to aqualitative improvement in its statement.

Our first lemmaisvery easy and showsthat it isenoughto study aneighborhood
of the attracting (resp. repelling) periodic pointsin Q2 (F).
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Lemma 7.1. Assume we are given an arbitrary point g € M. Assume also that,
for each attracting (resp. reppeling) fixed point p; of F* (for some s € N), we
are given a neighborhood U; of p;. Then the orbit of ¢ under G intersects at
least one of the U;’s.

Proof. Just observethat the orbit under F of every point in the complement of
Q(F) satisfy the desired condition. On the other hand, because of Condition 3,
if g belongsto Q2 (F), thenthereish € G suchthat i(g) liesin M \ Q(F). This
concludes the proof. O

The following proposition will imply items 1 and 2 of Theorem D.

Proposition 7.2. Let G be the subgroup generated by diffeomorphisms f1, f>
in Diff”(M) and consider a Morse-Smale diffeomorphism F € G satisfying
the above conditions. Suppose that ( f1, f2) € X are “sufficiently generic”
(i.e. (f1, f2) will belong to a residual set K, contained in X;). Then for
each attracting (resp. repelling) fixed point p of F* (s € N*), there exists a
neighborhood U of p endowed with » vector fields X, ... , X,, which belong to
the C*°-closure of G and are linearly independent at any point of U (where n
stands for the dimension of M).

First consider anon-trivial analytic vector field ¥ contained inthe C*°-closure
of G and defined around p € M (without loss of generality we supposethat p is
an attractor of F*). Wefix aloca coordinate ¢, identifying p with the origin of
R* c C",inwhich F*(x1, ..., x,) = (A1x1, ..., Ax,). We want to prove that
it is possible to find Y as above such that Y(0) has all components different
from zero in the coordinate ¢ provided that f1, f> are sufficiently generic.

Recall that the set of vector fields in the closure of G isinvariant under mul-
tiplications by scalars. In other words, if Y belongs to the closure of G then aY
belongs to this closure for any a € R. We claim that it is possible to suppose
that Y is given in the coordinate ¢ by x7* - - - x*3/9x, where s, ... ,a, € N
andr € {1, ..., n}. Tocheck theclaim, just observe that the sequence of vector
fields (F*)*Y* converges (after multiplication by an appropriate scalar) towards
avector field having theindicated form thanks to Condition 4 on the eigenvalues
of D,F*. In particular the singular set of Y is contained in the union of the
Cartesian planes.

Part of the difficulty to prove Proposition (7.2) results from the fact that F
changes when we perturb f1, f>. Thus we shall be led to use a scheme of
perturbation similar to the one employed in the proof of Proposition (5.4). Our
aim will be to establish the lemma bel ow.
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Lemma 7.3. If f1, f> are chosen sufficiently generic, then there is Y2 in the
closure of G, defined on a neighborhood of p and such that Y?(p) has all
components different from zero when represented in the linearizing coordinate
b.
In the sequel we resume the notations of Section 5. Recall that F* is given
asaword W1(f1, f2) in f1, fo. Moreover, because of Condition 3, the orhit of
p under Wi(f1, f2), Ow,(p) consists of pairwise distinct points. Let V? be a
small neighborhood of p such that Oy, (V?) still consists of pairwise disjoint
open sets.

Next, by iterating commutators as in Theorem (5.2), we can find 1 =
Wa(f1, f2) in G such that h(p) € VP and, besides, there is p" € Ow,(p)
which lies on the complement of Oy, (V) (here we use again Condition 3).

Proof of Lemma (7.3). We consider a neighborhood ur” of p" such that
UP" N Oy, (VP) = (. Notice that, the restriction of F* to V” remains un-
changed when f1, f» are C*°-perturbed inside U”. Besidesthe restriction of Y*
to V? remains unchanged aswell. Considering V7 in the coordinate ¢, we have
Y ve=xit - x%93/3x, and F* |yp= (A1x1, ..., Ayx,) Thush*Y?! obviously
providesavector field defined around p and having al componentsat p different
from zero in the coordinate ¢ aslong as f1, f> are generically perturbed inside
ur'. To completeour proof, it isenough to turn these perturbationsinto anal ytic
ones by using the method employed in the proof of Proposition (5.4). Thelemma
is proved. O

Proof of Proposition (7.2). Let us consider the vector field Y? given by
Lemma (7.3). In the linearizing coordinate ¢ which identifies p with the ori-
gin of R*, we set Y2(0) = (v1,...,v,) Withvi...v, # 0. Next recall that
FS(x1,...,%,) = (Ax1, ..., Azxy) Where 0 <| A1 |< --- <| A, |. Mod-
ulo multiplication by a suitable sequence of scalars, the sequence of vector fields
(F**y*Y? (k e N) clearly convergesto the constant vector field 3/9.x,,. Next com-
bining Y2 and d/dx,, weobtain avector field Y 3 inthe C*°-closure of G such that
Y3(0) = (v, ..., v,_1,0). Repeating the procedure, we see that appropriate
scalar multiples of the sequence (F**)*Y2 converge to the constant vector field
d/0x,_1. Continuing inductively this procedure, we eventually conclude that
all the constant vector fieldsd/0x1, ... , 3/3x, belong to the C*°-closure of G.
Proposition (7.2) is proved. d

Inview of Proposition (7.2), there existsaresidual set K, C K suchthat the
group G generated by f1, f> verifiesthe conclusionsof this proposition provided
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that (f1, f2) belongsto K,. To set up the proof of Theorem D, the last needed
ingredient is Proposition (7.4).

Proposition 7.4. Let (fl, f2) and (fl, fz) be pairs of dlffeomorphlsms in X»
and denote by G (resp. G) the group generated by f1, f> (resp. fi, f2). Suppose
that h is a homeomorphlsms conjugating G, and Gy (i.e. ho fioh™ = fz,
ho fo0h L = £,). Then h is, in fact, an element of Diff®(M).

Complement to the proof of Theorem D. Observe that any point ¢ € M
possesses a neighborhood endowed with » vector fields X, 4, ... , X, , which
are linearly independent at ¢ (where n stands for the dimension of M). In
fact, according to Proposition (7.2), there exist linearly independent vector fields
X1p, ..., Xnp onasmall neighborhood of any point p which is either an at-
tractor or a repeller of some F* (s € N, F a Morse-Smale diffeomorphism
belonging to G and satisfying the preceding assumptions). On the other hand,
Lemma (7.1) ensures that the G-orbit of any point ¢ € M intersects the union
of the neighborhoods considered above. This shows the existence of the desired
vector fields X1 4, ..., X, , inthe closure of G and linearly independent at g.
Using the argument already discussed in Section 4, it followsthat G hasall orbits
dense and is ergodic with respect to the L ebesgue measure.

Finally thefact that homeomorphismsconjugating groupsasaboveare, indeed,
analytic diffeomorphismsis precisely the content of Proposition (7.4). The proof
of the Theorem D is over. O

It still remains to prove Proposition (7.4). Let F € G be a Morse-Smale
diffeomorphism satisfying the conditionsin the beginning of the present section.
Again consider the points p1, ..., p, in Q(F) of periods sq, ... , s, such that
p; iseither ahyperbolic attractor or ahyperbolic repeller for F*. Finaly let us
associate a neighborhood U; to each of the p;’s.

Now consider the group G and the homeomorphism h. Clearly the points
h(p1), ..., h(p,) areeither hyperbolic attractorsor hyperbolic repellersfor £,
where F =hoFohleG (here we use Condition 5). Furthermore, thanks to
Lemma(7.1), the G-orhit of any pointg € M intersects| J;_, h(U;). Therefore,
to prove Proposition (7.4), it isenough to check that h coincideswith an analytic
diffeomorphism on, say, aneighborhood U; of p;1. Without loss of generality, we
can supposethat p; isahyperbolic attractor of F** (sothat h(p,) isahyperbolic
attractor of F*1).

Lemma 7.5. If Uy is chosen sufficiently small, then there exists a non-trivial
vector field X (resp. X) defined on U; (resp. h(Uj)) and contained in the
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closure of G (resp. 5). Furthermore h realizes a local conjugacy between the
local flows ®x, @ of X, X in the sense that the equation

ho @y oh () = ¥, (¢) (13)

holds provided that both members are defined.

Proof. To prove thislemmawe need to revisite the proof of Proposition (2.1).
We keep the corresponding notations. Using loca charts around p, h(p), we
can suppose that these points are identified with the origin of C* (while h is
defined only on R* c C"). Denote by T, T the pseudogroups induced by G, G
on the unit ball B” of C" through the corresponding local charts. We shall
identify elements of G, G with elements of I, T in the obvious way. Finally,
under these identifications, F (resp. F) is given as a coptractive hpmothety
(z1, - Z0) > (Maza, oo, AZa) (F€SP. (21, -0, 20) > (RaZa, oo, AnZa)).
Wefirst notice the existence of sequences{h;} C T, {hi} C T which converge

uniformly to the identity on B” and verifiesh o h; oh = h;. Actualy to obtain
these sequences it suffices to consider sequences of iterated commutators asin

Theorem (5.2).
Next we fix amonotone decreasing sequence {§, } of positive reals converging
tozero. Againweconsider theelementsof I" givenby F~lohjoF , --- , F~i1¥o

h; o F/) where j (i) isthe greatest positive integer for which themap F~/@ o
hi o F7® isdefined on B(411/5).

Recall that h is defined only onB” NR”. Let us denote Va4 and V2, V1,2 C
V3/4, open setsof C" such that V3/4ﬂ h(B(3)\,1/4) Q]Rj) and Vl/g N h(B()»l/Z) N
R") (without loss of generality we can suppose that V3,4 C B"). Consider also
an open set V45 C B" which strictly contains V4.

_Next we shall also consider the elements of T given by F 2o h; o F, -,
F~1®W o h; o FI® where j (i) isthe greatest positive integer for which the map
F7® o h;o Fi®) is defined on V4/5.

In the sequel we are going to discuss only the case j (i) < oo, j(i) < oo for
every i. The other possibilities are analogous and left to the reader. Fix §, > 0
and, for each i, define j (i, r) (resp. j(i, r)) as the smallest positive integer
for which supg 3,4 || F7/¢" 0 hi o FI1(z) — 2 ||> 8, (resp. Supy,, I
F1@n o ;0 FIG0(2) — 7 ||> 8,). Now, recalling that r was already fixed, we
choose and fix i very large. Let J (i, r) be the minimum between j (i, r), j(i, )
and C (i, r) the maximum between supg s, , 4, || F~/@" o b o F/00(z) — 2 |,
SUPyy, | E77E0 0 by o F/E0 () — 2 1.
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Consider the sequences {X,}, {X,} of vector fields defined respectively on
B(3}\.1/4), V3/4, where

1 , .
X, = o Vect (F~701 o h; 0 F/0D(2) — 7)),
. 1 A A
X, = i Vect (F~707 o h; 0 F/0D () — 7).

Clearly both sequences of vector fields are uniformly bounded on their domains.
Thus we can find limits X and X which are defined respectively on B(11/2)
and V5. Thelocal flows of these vector fields naturally verifies Equation (13).
Finaly if, for each previously fixed r, i was chosen very large, we have ensured
that at |east one between X, X isnot thetrivial vector field. However in this case
Equation (13) showsthat both vector fieldsarein fact non-trivia sincethey have
real coefficients. This provesthe lemma. O

Finally we have

Proof of Proposition (7.4). We consider vector fields X, X satisfying Equa-
tion (13). Using the argument employgd in Lemma (7.3), we can suppose that
X (0) # 0. Thus Equation (13) yields X (0) # 0 aswell.

We now recall that F*t (resp. F*) coincides in appropriate local charts
with the homothety (z1, ..., 2z,) = (A121, ..., An2,) (r€sp. (24, ...,2,) —
(MZy, ..., +nz,)). Besidesone has O <| Ay |< --- <| A, |< 1 (resp.
0 <| A& |< --- <| A&y |< 1). Thus by iterating conjugations of X, X asin
the proof of Proposition (7.2), we deduce that h realizes a conjugacy (i.e. a

time-preserving equivalence) between the pairs 9/dz; and 9/dz; (i =1, ... ,n)

of vectors fields. It follows that h coincides with the identity in these local

coordinates. The proof of Proposition (7.4) is completed. O
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